We discuss the structure of integralétale motivic cohomology groups of smooth and projective schemes over algebraically closed fields, finite fields, local fields, and arithmetic schemes.
Introduction
Let B be the spectrum of a Dedekind ring or field, X a smooth and projective variety over B, and Z(n) Bloch's cycle complex. The goal of this paper is to find structure results for the integralétale motivic cohomology groups H We also give a list of examples showing that the bounds are sharp, and ask some more precise questions on the structure of the groups.
Finally, let C be spectrum of the ring of integers of a number field or a smooth and proper curve over a finite field. In analogy to the situation over finite fields, Lichtenbaum conjectures that if X is regular, and proper over C, then the groups H i et (X, Z(n)) are finitely generated for i ≤ 2n, finite for i = 2n + 1 and of cofinite type for i ≥ 2n + 2. If B = C − S is the complement of a finite, non-empty set S of places, and X is smooth and proper over B, then we expect H i et (X, Z(n)) to be the direct sum of a finitely generated group and a group of cofinite type, and we raise the question if the group
where K v is the completion of the function field of B at the place v, is finite if S contains at least one finite place. We show that the answer is (trivially) affirmative for some small values of i and n, and prove Notation: Throughout the paper, n will be a non-negative integer. We denote Z(n) Bloch's motivic complex of cycles of codimension n, a complex of etale sheaves on the category Sm/B of smooth schemes over B, [13, Thm.1.17] , by Z(n).
For an abelian group A we denote by m A its m-torsion, by A{l} = colim l r l r A its subgroup of l-power torsion elements, by A * its Pontrjagin dual Hom(A, Q/Z), by A ∧ = lim A/m its completion, by A ∧l = lim A/l r its l-adic completion, by T A = lim m A its Tate module, and by T l A = lim r l r A its l-adic Tate module. The subgroup of l-divisible elements is denoted by l-div A and the largest l-divisible subgroup by l-Div A.
We will call an l-power torsion group of cofinite type, if it is of the form (Q l /Z l ) r ⊕ F for a finite group F , and we call a torsion group of cofinite type if it is of the form Q/Z[
where p is the characteristic of the base field in case of algebraically closed and finite fields, and the residue characteristic on case of local fields).
Algebraically closed base fields
Assume that k is an algebraically closed field of characteristic p ≥ 0.
Proposition 2.1. If l = p is a prime number, then the l-adic cohomology groups H i et (X, Z l (n)) are finitely generated Z l -modules, of rank independent of l = p, and torsion free for almost all l. The groups H i et (X, Q l /Z l (n)) and H i et (X, Z(n)){l} are of cofinite type, of corank independent of l, and cofree for almost all l.
Proof. By SGA 4.5, the groups
is a compact Z l -module, and hence finitely generated. By Gabber [5] , its l-torsion vanishes for almost all l. The rank does not depend on l by comparing with the Betti-number in characteristic 0, and by the Weilconjectures in characteristic p. The statements for Q l /Z l -coefficients follows by taking the colimit, and the statement about torsion follows from the surjection
For the p-part, we have the following: Proposition 2.2. The groups H i et (X, Z p (n)) are the direct sum of a finitely generated free Z p -module and an extensions of a finite group by a finitely generated torsion W (k)-module. The groups H i et (X, Q p /Z p (n)) and H i et (X, Z(n)){p} are the direct sum of a group of the form (Q p /Z p ) r , and an extension of a finite group by a finitely generated torsion W (k)-module. [11] . By Milne [22, Lemma 1.8] , the sheaf associated to the presheaf H j (X × −, ν n r ) on the category P f /k of perfect schemes over k with theétale topology is represented by a commutative perfect group scheme over k, corresponding to an extension of anétale group scheme by a unipotent commutative quasi-algebraic group, whose limit is finite dimensional by loc.cit. Prop. 3.1. Taking global sections over k, and then the limit, the results follows. The statement about torsion coefficients follows by taking the colimit, and the statement on torsion follows from the short exact sequence
Proof. We have H
Indeed, since the left hand group is divisible, the cotorsion of the two groups on the right is isomorphic.
Proof. The proposition shows that TorH i et (X, Z(n)) is the direct sum of a divisible group and a group of finite exponent. The result now follows from [15, Thm. 16] .
Proposition 2.4. Let F/k be an extension of algebraically closed fields. Then for l = p, the base change maps
∧l are isomorphisms. For l = p, then are injective with cokernel of bounded exponent. Furthermore we have
Proof. Consider the map of short exact coefficient sequences:
Since the middle map is an isomorphism by the smooth and proper base change theorem for l = p, and is injective with a cokernel bounded independently of r
and [22, Lemma 1.8] , it suffices to show that the outer maps are injective. We write F as a colimit of finitely generated k-algebras A, and note that k ⊆ A is split because k is algebraically closed. Sinceétale cohomology commutes with limits with affine transition maps, the result follows.
Note that no information can be deduced about a group from knowing its completion and torsion subgroup, even in the absence of uniquely divisible groups. For example, G = Z and G = ⊕ l Z (l) both satisfy
Proof. (Theorem 1.1) . It suffices to show that
shows that H i et (X, Z(n)) modulo its torsion subgroup is uniquely divisible, and the structure of the torsion subgroup is given in Propositions 2.1 and 2.2.
To show
we take a (normal, reduced) scheme S of finite type over Z and a scheme X over S such that X is the base change to k of the generic fiber X η . From Proposition 2.4 we know that
∧l we see that it is enough to show that for all l the map
is the zero map. Since the smooth locus of X is open (and non-empty because X is smooth), we can find a point Spec F of S with finite residue field such that the fiber X F is smooth. If l = p, we have an isomorphism
, compatible with the action of Gal(η) → Gal(F), by the smooth and proper base change theorem. For l = p, we can assume that S is of finite type over a finite field contained in F, and the same statement holds by Gros-Suwa [12, Thm. II 2.1]. Now since
every element of N has finite orbit under Gal(η). In particular, the arithmetic Frobenius ϕ has finite order acting on any element of N. On the other hand, by the Weil conjectures and its p-adic version, the eigenvalues of ϕ acting on H i et (XF, Q l (n)) have absolute value p n− i 2 , hence there is no element of finite order.
is torsion free, we get from the coefficient sequence that
) for every n. Taking the inverse limit of Poincaré-duality we obtain
Since Hom(D, Q/Z) is uniquely divisible for a divisible group D, the map
For the p-part, we use Milne's duality [22, Thm.1.11], see also [12, Cor. 3.26] . Let U i (X, ν r (n)) be the unipotent part and D i (X, ν r (n)) be theétale quotient of the finite dimensional pro-group scheme H i−n (X × −, ν r (n)) on P f /k, see also [12, Cor. 3.25] . Taking k-rational points we obtain H i et (X, Z/p r (n)), and since
, which gives duality for F i p (n) exactly as above, and 2. It would be interesting to write down the duality pairing between U i (n) and U 2d+2−i (d − n) in terms of the motivic cohomology groups directly.
3. The Beilinson-Soulé vanishing conjecture is equivalent to the vanishing of
4. If the base field has characteristic p > 0 and if we assume Parshin's conjecture, then D i (n) = 0 for i < n [6] . A more careful analysis shows that if the base-field has transcendence degree r over the finite prime field, then H i et (X, Q(n)) = 0 for i < max{n, 2n − r} under Parshin's conjecture.
5. There is no non-degenerate pairing between D i (n) and some D j (d − n), because for the algebraic closure of the rationals, D 1 (n) is infinite dimensional for every n > 0.
is the prime to p-torsion of the Neron-Severi group, and F 3 (n) is the prime to p-cotorsion of the Brauer group.
If
is the Galois invariants of
where p runs over all finite places ofQ. This can be explained by the Galois cohomology sequence associated to the short exact sequence of Galois modules
In particular, the action of the Galois group is not compatible with the decomposition in Theorem 1.1.
Theétale Chow-group
This section gives an overview over some known results in degree 2n.
Equivalence relations
Let X be again a smooth and projective scheme over an algebraically closed field. The intersection and cup product gives us a diagram of pairings
and the kernels of these pairings are the subgroups of elements numerically equivalent to zero, CH
The lower pairing is non-degenerate modulo torsion. 
is an isomorphism of finitely generated free abelian groups.
Proof. We write A D = Hom(A, Z) for an abelian group A. We have nondegenerate pairings on N = CH n (X)/ CH n num (X) to Z, which shows that these groups are torsion free. On the other hand, since the pairings above are compatible, and the lower pairing is perfect after tensoring with Q l , N ⊗ Q l injects into the finite dimensional Q l -vector space H 2n et (X, Q l (n)). This implies that N ⊗ Q is finite dimensional. Let {n 1 , . . . , n r } be elements of N which form a basis of N ⊗ Q, and N 1 ⊆ N be the submodule generated by {n 1 , . . . , n r }. Since N/N 1 is torsion, we have (N/N 1 ) D = 0, hence the map
is injective. Thus M injects into a finitely generated free abelian group, hence is finitely generated free. The same argument applies to H 2n et (X, Z(n))/H 2n num (X, Z(n)). To get the isomorphism, consider the commutative diagram
, the upper map is rationally surjective, hence all groups are finitely generated free abelian groups of the same rank, and it follows that all maps are isomorphisms.
We define the groups CH n hom (X) and H 2n hom (X, Z(n)) of cycles homologically equivalent to zero to be the kernel of the composition, and of the second map in
respectively. Since the second map factors through the subgroup lim m H 2n et (X, Z(n))/m, H 2n hom (X, Z(n)) is the group of divisible elements. Lemma 3.2. The group H 2n hom (X, Z(n)) is the maximal divisible subgroup of H 2n et (X, Z(n)), and the map
is injective with torsion cokernel.
Proof. If an element in CH n (X) maps to H 2n hom (X, Z(n)), then it vanishes in l-adic cohomology, hence is contained in CH n hom (X) which implies injectivity. The cokernel is torsion because the Chow group andétale Chow group agree rationally.
It is conjectured that CH n hom (X) ⊆ CH n num (X) agree up to a torsion group. The same argument as in the Lemma gives:
A cycle is algebraically equivalent to zero if it lies in the image of some map
where T is a smooth connected scheme T (which we can assume to be a smooth curve) with closed points t 0 , t 1 ∈ T . We obtain compatible filtrations on Chow groups andétale Chow groups
The upper and lower groups agree rationally. (2)). [30] ) Over the algebraic closure of a finite field of characteristic larger than 2, and assuming Tate's conjecture and semi-simplicity of the Frobenius action, the map CH
(Schoen
is surjective for almost all l = p and n if the dimension of X is at most 4, and in general under some additional hypothesis. Note that over the algebraic closure of a finite field, CH n hom (X) is conjectured to be a torsion group. [29] ) For any n ≥ 2 there are varieties of dimension 2n−1 such that the Griffiths group Gr n (X) = CH n hom (X)/ CH n alg (X) has torsion elements.
5. (Schoen [31] ) There are smooth, projective varieties V , such that the corank of CH r (X){l} is infinite for all r in the range 2 < r < dim(X).
Representability
Recall that a group homomorphism from CH n alg (X) to the k-rational points of an abelian variety A is regular, if for every pointed smooth connected variety t 0 ∈ T and correspondence Γ ∈ CH n (T × X), the composition with the map
is the map induced on closed points by a morphism of schemes T → A. We use the same concept for theétale Chow group:
alg (X, Z(n)) to the k-rational points of an abelian variety A is regular, if for every pointed smooth connected variety t 0 ∈ T and element Γ ∈ H 2n alg (T × X, Z(n)), the composition with
is the map induced on closed points by a morphism of varieties T → A.
Theorem 3.5. There is a universal object ρ n : H 2n alg (X, Z(n)) → A n for regular homomorphisms from H 2n alg (X, Z(n)) to abelian varieties. Proof. This follows by the argument of Serre [33] and H. Saito [27] because the dimension of surjective maps to abelian varieties is bounded.
In [24] , [25] , Murre studied the situation for Chow groups, and he proved that a universal homomorphism to abelian varieties exists for dimension 0, and codimensions 1 and 2, so also [17] .
Other bases Finite fields
We mention a conjecture on the structure of motivic cohomology groups over finite fields:
We note that a small modification ofétale motivic cohomology, called Weiletale cohomology, yields groups which are conjecturally finitely generated for all i, [21, 8] .
Example 4.2. For X a point we have
For n = 0 this is the calculation of Galois cohomology, and for n ≥ 1, the groups H i et (F q , Z(n)) are annihilated by q n − 1 by [9, Thm. 4.6], hence they are isomorphic to the well-known groups The conjecture holds for all X and n in all degrees if and only if Tate's conjecture holds, the Frobenius acts semi-simply at the eigenvalue 1 on H 2n et (X, Q l (n)), and rational and numerical equivalence agree up to torsion on codimension n cycles, for all X and n. 
shows that H i et (X, Z(n)) modulo torsion is uniquely divisible. The vanishing of this uniquely divisible subgroup is a restatement of Parshin's conjecture.
For i = 2n consider the sequence 
of finitely generated Z l -modules is an isomorphism. This is equivalent to Tate's conjecture, because in the composition 
is the direct sum of a finite group and a group which is uniquely l-divisible for all l = p, if one of the following two conditions holds 1. X has good reduction and i ∈ {2n − 1, 2n, 2n + 1, 2n + 2} 2. i ∈ {n, . . . , n + d + 2}
For i = 2n−1 and X with good reduction, or for i = n in general, TorH i et (X, Z(n)) is finite plus p-torsion.
Proof. Assume first that X has a smooth model X with closed fiber Y . Then after inverting p, purity [4] gives an exact sequence (n) ) is the direct sum of a p-group of cofinite type and a finite group, hence a direct summand [15] . Finally, the sequence
For general X, Kahn [14, Thm.6 a)] uses a strengthening of the above argument to show that, for any X, H i et (X, Q/Z(n)) is finite after localizing at l = p for i ∈ {n, . . . , n + d + 1}. The rest of the proof continues as above.
If X is a curve, then H (n) ) the direct sum of a finitely generated group and a finitely generated torsion free Z p -module (or at least a torsion free Z (p) -module)?
2) If X has good reduction and i > 2n, is H i et (X, Z(n)) the direct sum of a cotorsion group and a cofinitely generated torsion Z (p) -module? 
Arithmetic schemes
Let j : B → C be an open subset of the spectrum of the ring of integers of a number field or of a smooth and proper curve over a finite field, and let S = C −B be the set of those places of C not corresponding to a point in B, including the infinite places. Let f : X → B be smooth and proper, and d the dimension of X. For a complex of sheaves F · on X we define cohomology with compact support as theétale cohomology with compact support on B of Rf ! F · , see [16, §3] 
for K v the completion of the function field K of B at the place v; in case of real fields, it is the Tate-modified cohomology of RΓ et (X C , F · ). For properties of Bloch's higher Chow groups on smooth schemes over a Dedekind ring see [7] . The following is the analog of Conjecture 4.1: 
